We study the baryonic fluctuations from second to eighth order involving electric charge, baryon number and strangeness below the quark-gluon plasma crossover and numerically known from lattice QCD calculations. By considering a particular realization of the Hadron Resonance Gas model, we provide evidence on the dominant role of quark-diquark degrees of freedom to describe excited baryonic resonances.
Introduction
The Hadron Resonance Gas (HRG) model describes the confined phase of the QCD equation of state (EoS) at finite temperature below ∼ 150 MeV as a multicomponent gas of non-interacting massive stable and point-like particles [1, 2] , which are usually taken as the conventional hadrons listed in the review by the Particle Data Group (PDG) [3] . One of the greatest achievements of this approach has been the study of the trace anomaly, ( − 3P )/T 4 with energy density and P the pressure. It was computed directly in lattice QCD by several collaborations [4, 5] and within the HRG approach, leading to an excellent agreement for temperatures below T ∼ 170 MeV (see e.g. Ref. [6] and references therein). Thus, this approach has emerged as a practical and viable path to establish completeness of hadronic states in the hadronic phase [7, 8, 9] .
Apart from the EoS, there are also other thermal observables, like the fluctuations of conserved charges [10] , that can be used to study the QCD spectrum by distinguishing between different flavor sectors. Another motivation to study the fluctuations is that they are among the most relevant observables for finite density studies, as one possible way to extend lattice results to finite density is to perform Taylor expansions of the thermodynamical quantities around zero chemical potential [11] . These quantities can directly be compared to experimental measurements of fluctuations at the LHC and RHIC, and may provide insight into the existence of a critical end point in the QCD phase diagram [12, 13] .
There are a number of quark models that try to reproduce the PDG hadron spectrum, one of the most fruitful being the Relativized Quark Model (RQM) for mesons [14] and baryons [15] . This model shows that there are further states in the spectrum above some scale as compared to the PDG. On the other hand, the suspicion that the baryonic spectrum can be understood in terms of quark-diquark degrees of freedom [16] is rather old, and this includes diquark clustering studies [17] as well as nonrelavistic and relativistic analyses [18, 19] . Lattice QCD has also provided some evidence on diquarks correlations in the nucleon [20] . In the present work we provide further evidence for the existence of the quark-diquark baryonic states, and study the possibility that these states saturate the baryonic fluctuations in the confined phase as compared to the available lattice QCD calculations [21, 10] .
Hadron spectrum
The cumulative number of states is very useful for the characterization of the QCD spectrum. It is defined as the number of bound states below some mass M , i.e.
where M i is the mass of the i-th hadron, g i is the degeneracy, and Θ(x) is the step function, so that the density of states writes ρ(M ) = dN (M )/dM . So far, the states listed in the PDG echo the standard quark model classification for mesons [qq] and baryons [qqq] , and the cumulative number will have contributions from any kind of states, i.e.
Then, it would be pertinent to consider also the spectrum of the RQM for hadrons, as it corresponds by construction to a solution of the quantum mechanical problem for both qq-mesons and-baryons. For color-singlet states, the n-parton Hamiltonian takes the form
where the two-body interactions take the form v(r) = −4α S /(3r)+σr = (N c −1)v(r). This Hamiltonian for n = 2(3) describes the underlying dynamics of mesons(baryons). We show in Fig. 1 the hadron spectrum with the PDG compilation (left) and the RQM spectrum (right). The comparison clearly shows that there are further states in the RQM spectrum above some scale M > M min that may or may not be confirmed in the future as mesons or hadrons, although they could also be exotic, glueballs or hybrids. A semiclassical expansion of the cumulative number of states [22] can be used to study the high mass spectrum for systems where interactions are dominated by linearly rising potentials with a string tension σ, in the range M √ σ. At leading order in the expansion, the cumulative number takes the form
where in the last estimate we have neglected the (color) Coulomb term of the potential. Then, one can predict that the large mass expansion of these contributions is
This means that each kind of hadron dominates the function N (M ) at a different scale. We display in Fig. 2 the separate contributions of meson and baryon spectra for the PDG and RQM. Note that while in the meson case the N [qq] ∼ M 6 behavior seems to conform with the asymptotic estimate, in the baryon case much lower exponents, M 6 − M 8 , than the expected one are identified. M 6 suggests a two-body dynamics, and we take this feature as a hint that theexcited spectrum effectively conforms to a two body system of particles interacting with a linearly growing potential. The consequences of this picture will be analyzed in Sec. 3. 
This exponential behavior would lead to a partition function that becomes divergent at some finite value of the temperature, i.e.
where T H ≈ 150 MeV is the so-called Hagedorn temperature. The computation of the trace anomaly with the HRG model leads to a good description of the lattice data for T 0.8 T c by using either the PDG or the RQM spectrum, see e.g. Ref. [24] .
Quark-diquark model for baryons
In the quark model, such as the RQM [15] , baryons are [qqq] states where the interaction is given by a combination of ∆-like pairs ofinteractions and a genuinely Y -likeinteraction. An interesting possibility would be that the quarks are distributed according to an isosceles triangle, leading to an easily tractable class of models, the so-called quarkdiquark (qD) models [18, 19, 25, 26] . In these models, the baryons are assumed to be composed of a constituent quark q, and a constituent diquark D ≡ (qq), i.e. B ≡ [q(qq)]. In its relativistic version the Hamiltonian writes
corresponding to a two body problem. The aim of this section is to obtain the baryon spectrum within a simple realization of the qD model. But before going to the phenomenological consequences of the model, we will show analytically that under very specific assumptions the qD static interaction for heavy sources, V qD (r), coincides with the quark-antiquark potential, V(r), up to an additive constant.
Quark-diquark potential
An operational way of placing static sources in a gauge theory is by introducing in the Euclidean formulation a local gauge rotation realized by the Polyakov loop, i.e.
where P indicates path ordering. Thefree energy is given by the thermal expectation value (our color trace is not normalized, i.e. tr 1 = N c ) [27] e −Fqq(r,T )/T = tr Ω(x 1 ) tr Ω(
and the potential is obtained as the zero temperature limit of the free energy, i.e. V(r) = F(r, 0). For baryons it is more relevant to study thefree energy, which is given by
One can take in this expression the limit x 3 → x 2 to get the following result for the quark-diquark free energy
Note that this limit is singular since at very small distances the interaction is dominated by one gluon exchange, ∼ 1/r, and a self-energy must be added. The renormalization of the composite operator tr(Ω(x 2 ) 2 ) yields an ambiguity in the form of an additive
In the last equality we have considered that the energy 3 ⊗ 6 configuration is larger than that of theone. Hence, after taking the zero temperature limit, we find
a property which is in marked agreement with recent lattice studies [28] , and that will be used in the following.
The model
Based on the considerations above, we can assume for the qD potential [29] V qD (r) = − τ r + σr + µ ,
with τ = π/12 and σ = (0.42 GeV) 2 . The parameters of the kinetic terms in the Hamiltonian of Eq. (8) are controlled by: i) the constituent quark mass, m cons , and ii) the current quark mass for the strange quark,m s ; in the following way
In addition, we can distinguish between two kinds of diquarks: scalar D ≡ [q 1 q 2 ], and axial vector D AV ≡ {q 1 q 2 }; so that in the following we will consider the natural choice
where the subindex ns refers to diquarks with non-strange quarks. Some studies in QCD indicate a mass difference between these diquarks of ∆m D 0.21 GeV [30] , a value that will be adopted in the following. On the other hand, the breaking of flavor SU(3) for diquarks will be modeled as
where n s is the number of s quarks in the diquark. Under these assumptions, the only parameters of the model that remain free are m cons ,m s and µ. We summarize in Table 1 the degeneracies of the states predicted by the model, by distinguishing between their electric charges. The quantum numbers of these states are Q, B = 1 and S = −n s . 
Baryon spectrum
The baryon spectrum of the qD model can be obtained by diagonalizing the Hamiltonian of Eq. (8). We will consider a variational procedure by using as basis the 3-dimensional isotropic harmonic oscillator (IHO), with normalized wave functions of the form
where L 
with u n (r) andû n (p) the reduced wave functions of the IHO in position and momentum space, respectively. The value of the parameter b is fixed to minimize the energy levels for each of the multiplets in Table 1 , being the typical values of this parameter in the range 0.55 fm b 0.65 fm. We get with this procedure the spectrum of baryons that is shown in Fig. 3 . We have considered as a convenient choice of the parameters of the model, the values These values are motivated by the fits of the lattice data for the baryonic susceptibilities that will be presented in Sec. 4.3. It is remarkable that below M < 2400 MeV the quarkdiquark spectrum is in good agreement with the RQM spectrum. Note that the growth of the cumulative number is N [qD] ∼ M 6 , as expected for a two body problem. Since the quark-diquark picture is reliable only for excited states, in the following we will use the empirical value of the mass of the nucleon, M n = 938 MeV, and apply the qD model only for the other baryons. 
Fluctuations of conserved charges and baryonic susceptibilities
The EoS of QCD is sensitive to both mesonic and baryonic states, and the thermodynamic separation of these degrees of freedom cannot be done at the QCD level. However, there is a number of thermal observables that can be used to study the spectrum of QCD by distinguishing between different flavor sectors; these are the fluctuations [10] and correlations [31] of conserved charges. Beyond these hadron spectrum considerations, recent lattice studies of fluctuations suggest that they are sensitive probes of deconfinement in realistic physical situations in which quarks cannot be considered as heavy sources (see e.g. Ref. [12] for a recent review). We will study in this section the baryonic susceptibilities within the HRG approach by using the qD spectrum obtained in Sec. 3. A comparison with the lattice data for the fluctuations will allow to extract information about the values of the parameters of the model.
Fluctuations of conserved charges
Conserved charges [Q a , H] = 0 play a fundamental role in the thermodynamics of QCD. When considering the (uds) flavor sector of QCD, the only conserved charges are the electric charge Q, the baryon number B, and the strangeness S. Their thermal expectation values present statistical fluctuations, that are usually computed from the grand-canonical partition function [11] Z QCD = Tr exp − H QCD − a µ a Q a /T .
By considering the differentiation of the thermodynamical potential Ω = −T log Z QCD with respect to the chemical potential, one finds the thermal expectation values and the susceptibilities of the charges
where ∆Q a = Q a − Q a T , and Q a ∈ {Q, B, S}. We have used that Q a T = 0 in absence of chemical potentials. Note that the fluctuations can also be computed in the quark-flavor basis, Q a ∈ {u, d, s}, where u, d and s is the number of up, down and strange quarks. In this basis
Fluctuations within the HRG approach
While in the deconfined phase of QCD the quarks and gluons are liberated to form a plasma, in the confined/chiral symmetry broken phase the relevant degrees of freedom are bound states of quarks and gluons, i.e. hadrons and possibly exotic states. This means that it should be expected that physical quantities in this phase admit a representation in terms of hadronic states. This is the idea of the hadron resonance gas (HRG) model which describes the equation of state of QCD in terms of a free gas of hadrons [2, 32, 33] ,
where E k,i = k 2 + M 2 i , ξ i = ±1 for bosons/fermions, and q a i ∈ {Q i , B i , S i } is the charge of ith-hadron for symmetry a. Within the HRG approach, the charges are carried by various species of hadrons, so that Q a = i∈Hadrons q a i N i , where N i is the number of hadrons of type i. The susceptibilities within the HRG model can be obtained by just applying Eq. (23) to the partition function of Eq. (25) . This leads to the following result
where K 2 (z) is the Bessel function of the second kind. Some previous studies of the second order fluctuations within the HRG approach lead to a good description of lattice data for T 160 MeV, see e.g. Refs. [7, 31] . In particular, fluctuations have been proposed as a diagnostic tool to study missing states in the different charge sectors by considering a comparison of the HRG approach with lattice data [7] . Note that Eq. (26) predicts the asymptotic behavior
where M ab 0 is the mass of the lowest-lying state in the spectrum with quantum numbers a and b. For the baryonic susceptibilities, these states are M BB 0 = M BQ 0 = M p the proton mass, and M BS 0 = M Λ 0 the Λ 0 baryon mass. This observation, which goes beyond the HRG model as the lightest hadron saturates the QCD partition function in each sector at low enough temperature, makes it appealing to plot the lattice data for the susceptibilities in logarithmic scale. The corresponding plot for χ BB is displayed in Fig. 4 , and compared with the HRG approach including: i) the quark-diquark model Figure 4 . Plot of −T log |χ BB | as a function of temperature. We display as dots the lattice data from Refs. [10] (blue) and [21] (red). We also display the HRG model results including the spectrum of the qD model (solid black), and the RQM spectrum [15] (dashed green).
spectrum computed in Sec. 3, and ii) the RQM baryon spectrum [15] . The horizontal dashed line represents the value of the lowest-lying state contributing to the fluctuation (the proton), cf. Eq. (27) . In practice we find that at the lowest available temperatures, the contribution of excited states becomes individually small but collectively important. This is a typical problem in intermediate temperature analyses.
Baryonic susceptibilities with the qD model spectrum
From the spectrum of the qD model, we can obtain the baryonic susceptibilities by using the HRG approach given by Eq. (26) . Since our goal is to reproduce the lowest temperature values of the lattice results for these quantities, we have chosen to minimize the functionχ
and j max is the number of data points used in the fits. As explained in Sec. 3.2, the model contains three free parameters. We show in the left panel of Fig. 5 a plot of χ 2 /ν, where ν is the number of degrees of freedom, in the plane (m s , m cons ). ‡ One can observe from this figure that the current quark mass for the strange quark takes a value compatible with the PDG, i.e. 80 MeV m s 120 MeV, while the constituent quark mass is in the range 100 MeV m cons 400 MeV. Based on these results, we propose the choice of the parameters of the model already presented in Eq. (21) . Using them, we obtain the results for the baryonic susceptibilities that are displayed in the right panel of Fig. 5 .
Baryonic susceptibilities of higher order
Higher order fluctuations can be obtained within the HRG model by taking higher derivatives of the thermodynamical potential. The corresponding susceptibility of order (p, q, r) in charges (B, Q, S) reads
= ‡ Whenever we provide a value forχ 2 /ν, it should be understood that this function is already minimized with respect to the parameter µ in Eq. (15) . [10] . We display also as dotted lines the results from the spectrum of the RQM [15] . For the quark-diquark model we have used the parameters in Eq. (21).
where p = −Ω/V is the pressure, andμ a = µ a /T . § We have studied within the HRG approach some of the baryonic susceptibilities of fourth, sixth and eighth order, i.e. p + q + r = 4, 6 and 8. The results, and their comparison to the lattice data, are displayed in Fig. 6 . We find that the lattice data are well reproduced for T 160 MeV. However, it can be noted that while the agreement is reasonable, these data are typically affected by larger error bars than those of the second order fluctuations studied above, and the behavior turns out to be noisier.
Semiclassical estimates of the baryonic susceptibilities
The computation of the qD model spectrum in Sec. 3.3 has been performed by considering numerical methods for the solution of the quantum mechanical two body system. We will study in this section the spectrum and the baryonic susceptibilities within a semiclassical expansion, and provide some analytical formulas valid at high enough hadron masses and/or temperatures. While Eq. (26) is the basic formula that § With the notation of Eq. (29), the second order susceptibilities studied in Secs. 4 Figure 6 . Baryonic susceptibilities of fourth order (χ BQ 13 , χ BS 13 , χ BQS 211 ), sixth order (χ B 6 , χ BQS 312 ) and eighth order (χ BQS 413 ) from the quark-diquark model (solid black). We have used the parameters in Eq. (21) . We display as dots the lattice data of Ref. [34] , and as dashed (green) lines the results by using the HRG model with the baryonic spectrum of the RQM [15] .
we will consider for the susceptibilities, we prefer to write it in the following form
where
and the sum is over mesons or baryons for ζ = ±1 respectively. Note that for the baryonic susceptibility χ BB , one has that ρ BB (M ) is equal to the density of states ρ(M ) = dN (M )/dM , as B = ±1 for (anti)baryons.
Semiclassical expansion
The spectrum of a quantum mechanical system, more specifically the density of states, can be computed in a derivative expansion, an approximation that is closely related to a semiclassical expansion (also called WKB method) in the high mass regime [22] . Within the WKB method, the leading contribution to the cumulative number writes
where the (classical) Hamiltonian is given by
The zeroth order term in Eq. (32) (which will be denoted by WKB 0 ) has been made explicit, while the dots stand for higher order contributions in the derivative expansion. The trace in the second equality of Eq. (32) is taken in the center of mass system subspace.
Massless quarks and diquarks
Let us consider first the case of massless quarks and diquarks, and treat the Coulomb term perturbatively, i.e. H = H 0 + H 1 with
and p = |p|. Using the Taylor expansion of the step function
and after performing the spatial and momentum integral of Eq. (32), one finds the following contribution of the cumulative number at leading order in the semiclassical expansion
Plugging this result into Eq. (30) with ζ = −1, one gets the baryonic susceptibility
A factor of 2 has to be included to account for the antibaryons.
The effect of the constant additive term µ is just a shift N (M ) → N (M − µ), so that we disregard µ in our explicit expressions in the following. 
Finite mass effects
If α S is set to zero, the integral in Eq. (32) can be computed analytically in the massive case by considering the following change of variable in the momentum integral
The result for the cumulative number turns out to be rather lengthy, but we can provide a shorter expression corresponding to the asymptotic limit of M near and above the 
for T m q + m D . This temperature regime is appropriate for the values of m q , m D and T considered in this work. We display in Fig. 7 the result for the cumulative number and baryonic susceptibility computed with the WKB approximation presented above, and compared with the variational procedure of Sec. 3.3 and the lattice data of Ref. [10] . Notice that the WKB result correctly reproduces the baryon spectrum for masses M 1500 MeV.
Conclusions
In the present work we have studied the baryon spectrum in the (uds) flavor sector of QCD. We have argued that the asymptotic three-body phase space for confinedsystems ∼ M 12 is much larger than the one actually observed in the PDG or determined in the RQM, ∼ M 6 . This resembles a two body confined system despite the fact that, by construction, baryons in the RQM are explicitly described asbound states.
This strongly suggests a dynamics for excited baryons dominated by quark-diquark degrees of freedom, motivating the use of a quark-diquark model to compute the baryon spectrum. In a simplified version of the model hyperfine splittings are neglected and the pertinent quark-diquark potential is found to be identical to the quark-antiquark using the appropriate Polyakov loop correlators, and in strong agreement with lattice QCD determinations. The obtained baryon spectrum and its related baryonic susceptibilities in a thermal medium have been evaluated within the HRG approach and successfully fitted to lattice QCD data in terms of the constituent diquark mass and the current strange quark mass. The results fall in the bulk of previous intensive studies where a detailed description of the spectrum was pursued. The extension of our work to nonbaryonic susceptibilities would require a specific model for mesons. These and other issues will be addressed in a forthcoming publication [35] .
